We develop the microscopic theory of a terahertz (THz) laser based on the effects of resonant tunneling in a double quantum well heterostructure embedded in both optical and THz cavities. In the strong coupling regime the system hosts dipolaritons, hybrid quasiparticles formed by the direct exciton, indirect exciton and optical photon, which possess large dipole moments in the growth direction. Their radiative coupling to the mode of a THz cavity combined with strong non-linearities provided by exciton-exciton interactions allows for stable emission of THz radiation in the regime of the continuous optical excitation. The optimal parameters for maximizing the THz signal output power are analyzed.
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I. INTRODUCTION
The possibility of experimental design of systems of reduced dimensionality has allowed the study of novel types of quasi-particles absent in bulk structures. One of the examples is an indirect exciton, a bound state formed by an electron and a hole confined in spatially separated quantum wells (QWs).
1,2 Its energy can be effectively tuned by an electric field applied perpendicular to the structure's interface. 3 Due to the small overlap between the wavefunctions of an electron and a hole, indirect excitons have a much longer radiative lifetime compared to direct excitons, for which an electron and a hole are localized in the same QW. 3, 4 Moreover, the presence of an inherent dipole moment strongly enhances exciton-exciton interactions, 5, 6 making the system of indirect excitons an attractive candidate for the experimental observation of quantum collective phenomena, including excitonic BoseEinstein condensation (BEC).
7-9
Another microstructure in which formation of macroscopically coherent states has been reported experimentally is a semiconductor microcavity in the strong coupling regime, 10, 11 in which the optical cavity mode effectively hybridizes with the excitonic mode of a QW embedded in the antinode position. The elementary excitations in this case are cavity polaritons, bosonic quasiparticles containing both light and material fractions. Due to their extremely low effective mass inherited from the cavity photon part a nonequilibrium BEC of polaritons was observed in high quality cavities at liquid nitrogen [12] [13] [14] and even at room temperature. 15 Other collective phenomena observed in microcavities include superfluidity, 16 Josephson effect, 17 optical bistability, 18 condensate phase-locking, 19 formation of quantized vortices, 20 and solitons.
21-23
Indirect excitons and polaritons can be combined in a hybrid structure consisting of a pair of non-equivalent QWs inside a planar microcavity. [24] [25] [26] [27] If the bandgaps of the two QWs are different, the cavity mode can be tuned to couple resonantly to the excitonic transition in only one of them. In the same time, tuning electron levels of the two QWs into resonance by applying the external electric field, one can achieve the strong tunneling coupling between a direct exciton and a spatially indirect exciton formed by an electron and a hole located in different QWs [ Fig. 1(a) ]. These strong couplings lead to the appearance of new eigenmodes of the system, which represent three linear superpositions of the cavity photon (C), direct exciton (DX) and indirect exciton (IX) modes. They are called the upper dipolariton (UP), the middle dipolariton (MP) and the lower dipolariton (LP).
It was recently proposed by the authors of the present paper that dipolariton system can be used as a source of the THz emission in the regimes of both pulsed 28 and continuous 29 excitation. The effect was based on the possibility of achieving huge alternations of the dipole moment in time domain arising from Rabi oscillations between direct and indirect excitons. The important drawback of the approach used in Refs. [28, 29] was that the THz emission was considered in purely classical manner, which excluded the possibility of the analysis of the phenomena related to the possible onset of THz lasing.
In the present paper we account for the quantum nature of the THz emission and propose an experimentallyfriendly compact scheme of a dipolariton-based laser, operating in a THz domain of frequencies, shown in Fig.  1(b) . To enhance the positive feedback for a THz emission we place the double well system inside a high-quality THz cavity supporting a mode polarized perpendicular to the QW planes to maximize its coupling to the excitonic dipoles.
The paper is organized as follows. We first introduce the Hamiltonian of the dipolariton system, accounting for the THz mode and its interaction with the excitonic modes, and derive corresponding equations of motion for the fields. We then demonstrate the difference between the bare double QW system, in which oscillations are strongly anharmonic, and the full dipolariton system, where oscillations are harmonic, and show that harmonicity is vital for high stationary occupation of the THz mode. Next we calculate the emission power and investigate its dependence on the THz cavity quality factor Q, finding Purcell enhancement at low Q, and weak dependence past some critical value. Furthermore, we demonstrate coherence-induced superradiance of the emission, which strongly improves the efficiency of the emitter, and address the issue of tunability of the emission frequency.
II. DOUBLE QUANTUM WELL SYSTEM IN THZ CAVITY
In the first part of the paper we consider the bare double QW system placed inside a THz cavity, assuming an optical cavity being absent [as in Fig. 1(b) , but without DBRs]. The upper quantum well (QW 1 ) hosts direct excitons (DX) with bare energy denoted by ω D . The electrons can tunnel to the lower quantum well (QW 2 ) with a rate J, forming indirect excitons (IX) with energy ω I . Note that the detuning between direct and indirect excitons δ J = ω I − ω D can be tuned by the applied electric field F .
We now put the double QW system inside the THz optical cavity of the wavelength λ T , with the corresponding frequency ω T . Using the second quantization formalism we introduce the bosonic creation and annihilation operators for the direct (b † ,b) and indirect excitons (ĉ † ,ĉ), as well as the THz cavity photons (â † ,â). The Hamiltonian of the system can be written as a sum of free energy and tunneling terms, exciton-THz mode interaction, nonlinear Coulomb interaction and pumping terms,
where two last terms describe the coherent optical pumping of the DX mode with intensity |P (t)| 2 . For the coherent continuous wave (CW) pumping its time dependence has the form P (t) = P 0 e −iωpt , where ω p is the pump energy, and P 0 is the amplitude.
The first term readŝ
and describes the energy of the free mode terms of the THz mode ( ω T ), the direct exciton ( ω D ) and the indirect exciton ( ω I ), as well as the DX-IX tunneling with rate J.
The third term, corresponding to the nonlinear processes, is given bŷ
It describes the Coulomb scattering of two direct excitons with interaction constant α 1 , two indirect excitons with constant α 3 , and the interspecies scattering of a direct and an indirect exciton with constant α 2 . The estimation of these constants can be found in Ref. [29] . We can now proceed to account for the interaction between the excitons and the THz cavity, indicated by the second term in Eq. (1).
A. Interaction Hamiltonian
In order to include the interaction between DX, IX, and THz modes we employ the dipole approximation, for which the interaction Hamiltonian can be represented aŝ
whered is the dipole moment operator of the excitonic system of the double QW, andÊ is the operator of the electric field corresponding to the THz mode, which in a single mode approximation can be represented as:
where ǫ is the electric permittivity, V is the cavity volume and e is the THz mode polarization vector.
Using the creation and annihilation operators for the direct and indirect excitons, the dipole moment operator can be written
where d jk = j|d|k are the dipole matrix elements of the double QW exciton states. Because of the cylindrical symmetry of the system we have d jk = −e j|ẑ|k e z , where e denotes the elementary charge and the z-axis is aligned perpendicular to the QW plane. We can estimate the indirect exciton dipole matrix element as the electron charge multiplied by an effective electron-hole separation L, d ii = −e IX|ẑ|IX = −eL. The direct exciton dipole element d dd arising from the quantum-confined Stark effect can be estimated as
where F is the applied electric field, m * is the quantum well effective mass and d is the QW width. For a considered In 0.1 Ga 0.9 As quantum well the effective mass is m * = 0.06m e , where m e is the mass of a free electron. The exciton resonance occurs at F 0 = 12.5 kV/cm, and the QWs have a thickness of d = 10 nm, separated by a 4 nm barrier. This implies an approximate electron hole separation of L = 10 nm. Naturally, the estimated dipole moment of direct exciton in z direction is much smaller than that of indirect exciton, d dd /d ii ≈ 10 −3 and is neglected in any further consideration. The calculation of the d di is presented in the Appendix A, for the parameters we consider it can be estimated as
Using Eq. (6) the Hamiltonian (4) can be recast aŝ
where
are the exciton-THz photon coupling constants.
To better understand the origin of the THz emission it is useful to consider the case of zero exciton detuning, ω D = ω I . In this case the eigenmodes of the bare HamiltonianĤ 0 are the symmetric excitonâ †
In this basis the interaction Hamiltonian reads:
The first line in Eq. (9) releasing a THz photon [ Fig. 2 ]. These terms can be expected to give major contribution to THz emission. The last term describes the anti-resonant processes which are usually disregarded using the rotating wave approximation. However, in our system the transition energies can be in principle comparable to the coupling constant g and these processes cannot be in general neglected.
B. Equations of motion and results
Equations of motion are derived by using the Heisenberg equations for the annihilation operators, and then calculating the expectation value defined as â i = Tr{ρâ i }. If we consider the case when occupation numbers are high, the mean field approximation can be employed, and the following truncation scheme was used to close the set of dynamic equations, â iâj · · ·â k ≈ â i â j · · · â k . To remove references to absolute mode energies, we perform the change of variablesâ i → e −iωDtâ i (i =DX,IX). The equations of motion for mean values of operators read
Lifetimes of the modes have been introduced phenomenologically as τ DX = 1 ns, τ IX = 100 ns and τ T = Q/ω T , where Q is the quality factor of the THz cavity. After the change of variables the pumping term is written asP (t) = e iωD t P (t)/ . Under CW pumping we write For numerical analysis we used the same set of paremeters as in Ref. [24] . The QW 1 material is In 0.1 Ga 0.9 As, the QW 2 is grown from In 0.08 Ga 0.92 As, and the spacer material is GaAs. The well widths are d = 10 nm, and the well separation 4 nm, with the tunneling rate set to J = 6 meV, 26 which allows to estimate the effective electron hole separation as L = 10 nm. The direct exciton scattering constant is estimated as
where a B = 10 nm is the direct exciton Bohr radius, and E b = 8 meV the binding energy. We take S = 100 µm 2 as the system excitation area. The DX-IX interaction constant is taken from Ref. [29] , and the indirect exciton scattering constant from the Ref. [31] . We consider the THz cavity quality factor to be Q = 100.
32,33
In Ref. [29] it was shown that in the absence of the THz cavity the equations for coupled direct and indirect exciton modes display parametric instabilities in the CW pumping regime. In that work parameters were dressed by the presence of the resonant optical cavity mode, which decreases dramatically the direct exciton effective lifetime. A similar behaviour can still be expected here, and as shown in Fig. 3(a) , the exciton numbers are indeed found to oscillate periodically, while being strongly anharmonic. The corresponding spectrum of the oscillations is shown in Fig. 3(b) . One can see that multiple harmonics have comparable weights, which severely reduces the coupling of the dipole oscillations to the mode of the THz cavity. Consequently, the occupation numbers of THz photons remain extremely small (about N T Hz ≈ 2 for the optimal case when cavity mode is tuned in resonance to transition between symmetric and antisymmetric states). This makes the anharmonic case very ineffective for producing single mode THz emission.
III. DIPOLARITON SYSTEM IN A THZ CAVITY
In this section we demonstrate that the presence of the optical cavity tuned close to resonance with excitonic transition can drastically increase the efficiency of the THz lasing. We consider the full dipolariton system, consisting of double QWs embedded in a resonant optical microcavity, with the supplemental THz cavity [see Fig. 1(b) ]. In such a system, the eigenstates are linear superpositions of the microcavity photon, direct exciton and indirect exciton, called lower (LP), middle (MP) and upper (UP) dipolaritons.
A. Hamiltonian and equations of motion
In the dipolariton system, the QW 1 is assumed to be in the strong coupling regime with the microcavity mode, while the QW 2 , with its larger band gap, remains decoupled. The interaction between the direct and indirect excitons, as well as the interaction of the indirect exciton with the THz field, remains unchanged. Denoting the creation operator of the microcavity mode withâ † c , the Hamiltonian of the new system iŝ
The new terms in the first line describe the free propagation of the microcavity photon with energy ω c , and the interaction between the microcavity mode and the direct exciton described by the Rabi frequency Ω. The second line describes the coherent optical pumping, now driving the optical cavity mode.
Equations of motion are derived in a same way as in the previous section. The change of variables is performed slightly differently, asâ i → e −iωctâ i for modes i = C, 
DX and IX. The four coupled equations read
where δ Ω = ω c − ω D . Furthermore we have introduced the decay of the microcavity mode with a lifetime τ c = 5 ps.
B. Results
For the calculations in this section we use the same material parameters as before, and choose the Rabi splitting as Ω = 6 meV. 26 The tunable parameters are chosen as δ Ω = −3 meV and δ J = 1 meV. The eigenfrequency of the THz cavity was chosen as ω T /2π = 1.74 THz, and quality factor was taken as Q = 100. Plot of the occupation number dynamics of a THz cavity with Q = 100 coupled to the dipolariton system under CW pumping. The excitonic detuning is δJ = 1 meV, the cavity mode detuning is δΩ = −3 meV and the relative pump energy is ∆p = 4.5 meV, corresponding to the energy level configuration in Fig. 4(a) . The CW pump is adiabatically turned on to |P0| 2 = 1.1 · 10 29 s −2 . As a result, the system stays on the lower branch of the stability curve depicted in Fig. 4(b) . At 400 ps, an additional pulse is applied to the system, switching it to the parametrically instable regime. This provokes oscillations in exciton numbers shown in the inset. For the dipolariton system, these oscillations are harmonic, and result in stable population of the THz mode NT Hz ≃ 230 photons.
of the applied field. The energy of the pump lies between the middle and upper dipolariton branches. When the MP mode is populated by the pumping of the system, the corresponding blueshift due to inter-exciton interactions causes bistability, as shown in Fig. 4(b) . For these conditions, parametric instability is achieved as indicated in the plot for a wide range of the pump intensities.
We solved Eqs. (14)- (17) numerically, considering the pump which switches on adiabatically to reach its stationary value. In this situation the system stays on the stable lower branch of the bistability curve shown at Fig.  4(b) . The exciton numbers are constant in time, the dipole moment is not oscillating and no THz photons are created, as can be seen in Fig. 5 for t < 400 ps. At this moment we apply a short pulse which switches the system to the parametrically instable state with oscillations in exciton numbers [see inset to Fig. 5 ] producing high occupancy of the THz mode.
After a transitory period of about ∼400 ps during which a strong outburst of THz radiation occurs, oscillations become harmonic enough for the THz occupancy to stabilize at the value N T Hz ≃ 230, which is about two orders of magnitude greater then those obtained in the situation where the optical cavity is absent. This drastic increase is connected with the fact that the presence of the optical cavity makes the oscillations of the exciton occupancies highly harmonic [see Fig. 5 , inset], which is favorable for monomode emission. This produces constant THz lasing from the system due to the escape of the THz photons out of the cavity. For the chosen parameters the power of the laser can be estimated as I 0 = N T Hz ω T /τ T ≃ 30 nW. The dependence of the emission power on the quality factor of the THz cavity is demonstrated in Fig. 6 .
For small Q one can assume that occupancy of the THz mode is relatively small, and its presence only slightly modifies the oscillations between direct and indirect excitons. The equation for the THz mode can be then decoupled from other equations and be considered as linear differential equation with external pumping term. If we neglect the effect of the smallerg term we have
where the occupancy of the indirect exciton mode can be to very high precision approximated by a harmonic function:
where N 0 is the average occupancy, and N 1 is the peakto-valley amplitude of the IX oscillations. The third term is the only resonantly driving term, and we neglect the other two, assuming that the frequency of the excitonic oscillations is in resonance with the eigenfrequency of the THz cavity, ω = ω T . The stationary solution of the resulting equation gives for the occupancy of the THz mode:
which corresponds to the emission power of
An important attribute of Eq. (21) is that the emitted power is proportional to the square of the indirect exciton number. This corresponds to the superradiance effect, 34, 35 for which the coherence of the quantum mechanical oscillators causes emission to increase superlinearly with the number of oscillators. This phenomenon allows reaching high emission power at the engineering stage by up-scaling of the device, making it competitive with other schemes of THz generation.
In Refs. [28] and [29] the emission power for the dipolariton system was estimated classically as
By dividing the quantum mechanical estimate with the classical estimate, one immediately sees that the presence of THz cavity increases the intensity of the emission by the Purcell factor of the system:
where λ T is a wave length of THz radiation. The linear dependence of the emission power on quality factor given by Eq. (21) is shown by a dotted line in Fig.  6 . It gives a good approximation for the exact curve for quality factors up to Q ≃ 17. Past this point, the emission power experiences a drop due to the increased feedback of the THz mode on excitonic oscillations and then starts to rise again. Thus, for the chosen parameters the relatively low Q-factor of 17 is optimal for the THz lasing based on the dipolariton system.
For very large quality factors, Q 800, there appear oscillations in the THz photon occupancy (see the inset to Fig. 6 ). The high number of THz photons that are quickly excited results in a strong enough feedback to disrupt the resonant oscillations of indirect excitons. As THz photons generation is consequently suppressed, their occupancy decays, and the feedback on the IX mode disappears. At this point exciton oscillations restabilize, again exciting a large number of THz photons. As a steady state THz occupancy does not develop, it results in the periodical modulation of emission power. This mimics the functionality of a Q-switched laser, with higher peak power than that of the lower Q-factor CW emission.
An important question to address is the tunability of the emission. The period of the oscillations of the indirect exciton numbers can be changed by the applied field, 28,29 which alters the energy level structure of the system [see Fig. 4(a) ]. Tuning the system in this man- The optical cavity detuning is δΩ = −1 meV, the pump energy is ∆p = 4.5 meV, and the pumping strength is |P0| 2 = 1.1 · 10 29 s −2 . The quality factor of the THz cavity is Q = 17, corresponding to the optimal emission power in Fig. 6 . Lighter colors signify higher output power, with the maximum output power following closely the indirect exciton oscillation frequency (red solid line).
ner will move the system out of resonance with the THz cavity, lowering the emission power. However, the THz cavity eigenfrequency can be imagined to be alterable, for instance by applying stress to deform the cavity. By simultaneously changing the applied field and the eigenfrequency of the THz cavity, the frequency of emission can be tuned, while staying in resonance.
A surface plot of the emission power is presented in Fig. 7 as function of the applied field and the THz cavity frequency. The highest emission power follows closely the red solid line, which indicates the frequency of IX oscillations, following the same electric field dependence as previously observed in Ref. [29] . We find that maximum output power drops in the low electric field limit [see Fig. 7 ], caused by the shift of multistability region to the lower pumping strengths, with pump intensity being kept fixed. Consequently, higher values of lasing frequencies can be achieved by tuning the pumping strength. Going beyond the electric field strength shown in Fig. 7 the output power greatly diminishes, since the system enters the parameter regime where indirect exciton number oscillations become anharmonic.
IV. CONCLUSIONS
We have developed a microscopic theory of the terahertz lasing from the dipolariton system. We have shown that in the case of simple double quantum wells embedded in a THz cavity, the tunneling between direct and indirect exciton modes does not lead to stable THz lasing. The presence of an optical cavity strongly coupled with the direct exciton can improve the situation, and stable THz emission becomes possible. The output power of emission was analysed as function of THz cavity parameters. In particular, we showed that the THz emission power has a peculiar dependence on THz cavity Q-factor, showing an optimal value of about 17 for powerful CW emission. The effect of THz emission superradiance was discussed as a way to achieve high output power. Additionally, we revealed the Q-switched behavior of THz lasing for a high finesse Thz cavity driven by dynamic feedback effects.
Normalization of the states gives coefficients B = kd + sin(kd) 2k + cos(kd/2)
A = cos(kd/2)e αd/2 B.
In addition to the parameters in the main text, the valence band offset between the GaAs bulk and the In 0.1 Ga 0.9 As/In 0.08 Ga 0.92 As QW is V 0 = 55 meV. 36 Finally, the exchange integral can be straightforwardly calculated as 
where D = 14 nm is the distance between the centers of the two QWs.
